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Summary: This paper presents the results of stochastic analysis of meteorological
droughts occurrence in a growing season based on the data from two meteorological
stations in Vojvodina (Sremska Mitrovica and Kikinda). Meteorological drought is
defined as a product of drought length (period lasting at least 25 days with precipitation
below 5 mm/day) and mean air temperature during the dry period. Stochastic model of
the meteo-drought occurrence is based on the theory of extremes with a random number
of random variables, allowing to make use of all significant observed meteo-droughts. The
model is comprised of the Poissonian process that describes the droughts occurrence and
selected theoretical distributions for the droughts magnitude. Design meteo-droughts
having return period 10, 20, 50 and 100 years are determined on the basis of adopted
theoretical distribution of meteo-drought, duration and mean air temperature.

Keywords: drought, growing season, duration of drought, mean air temperature of meteo-
drought, design meteo-drought

1. INTRODUCTION

Droughts represent extreme hydrological events that are common subject of hydrological
and water management studies. Although there is no universal definition of drought, partly
because of the complexity of the phenomenon and partly because of the point of view from
which the problem is studied (hydrological, geological, environmental, agricultural, etc.),
droughts can be classified into four categories [1]: meteorological, hydrological,
agricultural and socio-economic droughts. Although the types of drought, per this
classification, are defined through various parameters (precipitation, flow, soil moisture),
the main cause of droughts is the lack of precipitation.
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This paper analyzes meteorogical droughts (or shortly meteo-droughts) during the
growing season (from April 1%t to September 30™) for two meteorological stations in
Vojvaodina: Sremska Mitrovica and Kikinda. The applied method is primarily intended for
the needs of agriculture and meteorology and it was developed by Professor Zelenhasié¢

(2], [3].

2. DEFINITION OF METEO-DROUGHTS

The meteo-drought, Z (day - °C), is defined as the product of drought duration, T (days),
and mean air temperature over the drought duration y (°C) [2]:

Z=T-y (1)

The drought duration is the duration of a dry spell in which days with precipitation smaller
than 5 mm are treated as dry days because such a small amount of precipitation is
insignificant for the roots of most crops. Drought duration of 25 and more days is adopted
as a critical threshold, for which the distribution of meteo-droughts is estimated and design
droughts with different probabilities of occurrence are derived.

According to this method, the stochastic process of the meteo-droughts is defined
with 10 characteristic parameters [2]: meteo-drought Z, drought duration T, mean air
temperature y throughout the drought duration, beginning of meteo-drought z, end of
meteo-drought ze, mid-point T = (= + 7)/2, ordinal number of meteo-drought in growing
season n (n=1,2,3,.), total number of meteo-droughts in growing season k
(k=0,1,2,.), the greatest meteo-drought in growing season sup{Zs}, time of occurrence
of the greatest meteo-drought zsupz. Occurence of meteo-droughts in a growing season and
their describing parameters are shown schematically in Figure 1.
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Figure 1: Occurrence of meteo-droughts during a growing season and their
describing parameters [2]
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3. METHODOLOGY

The methodology for developing distributions of the meteo-droughts includes the
following steps: (1) preparatory analysis, in which statistical tests are applied to the
available data sets to test whether they are suitable for statistical analysis, (2) identification
of the distribution of meteo-droughts Z, (3) identification of distributions of drought
duration T and mean temperature y, and (4) construction of design droughts.

3.1. Tests for randomness and homogeneity

The sample for the statistical analysis is created by extracting the drought events and their
parameters during the growing season in each year of observations. The threshold for the
drought duration is set at 25 days. Each sample should represent a sample of independent
and identically distributed variables and the appropriate statistical tests need to be
undertaken to confirm these assumptions.

The samples are tested for homogeneity by two nonparametric tests (Mann-Whitney and
Kolmogorov-Smirnov tests). The runs test is applied to test the randomness of sample data
[4]. Both tests are applied at the 5% significance level.

3.2. Distribution of the meteo-droughts F(z)

Statistical analysis of the maximum meteo-droughts is performed by means of the peaks
over threshold (POT) method [5], which considers all extreme values of the meteo-
droughts that exceed a given threshold. Generally, this is an advantage of this method over
the annual maxima method, with which only the annual maximum values are included in
the statistical analysis and which neglects the fact that there can be more than one extreme
value in some year that exceeds annual maxima in other years.

Statistical analysis with the POT method is performed in three steps:

1. fitting the distribution of the number of occurrences of meteo-droughts (i.e. the number
of exceedances of meteo-drought magnitude over the chosen threshold) during the
growing season,

2. fitting the distribution of the meteo-drought exceedances, and

3. combining the above two distributions into the distribution of the maximum meteo-
drought in the growing season.

3.2.1. Distribution of the number of exceedances

The number of the exceedances of meteo-droughts, k, in the growing season depends on
the selected threshold. Generally, the number of meteo-droughts decreases with increasing
threshold and consequently the number of years in which no meteo-droughts occur in the
growing season increases. After counting the exceedances of meteo-droughts over the
threshold in each year, the mean number of exceedances k and its variance S? are
calculated:

- 1 1 —_
k=i, S ==Xl (ki — k) (2)

-1
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where N is the number of years in the observation record, and ki is the number of
exceedances in the growing season of year i.

The number of exceedances is a discrete random variable. Theoretical distribution for the
number of exceedances can be chosen based on the value of the dispersion index I, defined
as:

(3)

—
Il
= H‘”N

For binomial distribution | < 1; for the Poisson distribution | = 1 (in practice the Poisson
distribution is a good fit for 0.8 < | < 1.2) and for negative binomial distribution | > 1.

3.2.2. Distribution of exceedances

The magnitude of meteo-droughts Z that exceed the chosen threshold Z, is an exceedance
and a continuous random variable defined as: U = Z — Z,,. Cumulative distribution
function of the exceedances, H(u), is given with:

Hw) =H(Z -Z,) = P{U <u} (4)
Different theoretical distributions can be used to fit the distribution of exceedances. The
most commonly used are the exponential, Weibull and general Pareto distributions. In this
study, exponential and Weibull distributions are considered.
The empirical distribution of the exceedances is estimated using the Weibull plotting
position formula. The goodness-of-fit between the theoretical and empirical distributions

is evaluated on the basis of the Cramer-von Mieses test and the Kolmogorov-Smirnov test
at the 5% significance level.

3.2.3. Distribution of the greatest meteo-drought in the growing season

The annual maximum meteo-drought over the growing season is a random variable Z,
defined as the maximum of a random number k of exceedances U in the growing season:

Z =27, +max{U;j =12 ..k} (5)

The cumulative distribution function of the annual maximum meteo-droughts, F(z), given
with:

F(z) = P{Z < 7} (6)

is defined only for values above the threshold, i.e. z > Z,. General expression for F(z) is
derived by combining the distributions of the number and magnitude of exceedances:

F(z) = p, +E}?=1pk[H(Z_Zb)]k (7)
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Depending on the type of distribution for the number of exceedances and type of
distribution for magnitude of exceedances, the above general expression can be simplified.
For the Poisson-Weibull combination, the above equation reduces to:

a

F(z) = exp {—/1 exp [— (ﬂ)ﬁ]} (8)

and for the binomial-Weibull combination one obtains:

F(z) = [1 —pexp {— (Z_azb)ﬁ}]a (9)

In the previous equations, 4, p and a are the parameters of the corresponding discrete
distributions, and « and S are the parameters of the Weibull distribution. Equations for
the combination of the same discrete distributions with the exponential distribution for the
exceedances are obtained for ¢ = 1.

3.2.4. Empirical distribution of the greatest meteo-drought in the growing
season

Over the record of N years, some years may not contain any meteo-droughts. The number
of droughts within the growing season depends on the threshold set for the duration of dry
spell. From the statistical point of view, a sample of N experiments in which only the
values exceeding the given detection threshold are recorded, while the values below the
threshold are not recorded, is referred to as the censored data sample. Distribution of the
censored data sample is obtained from the total probability theorem taking into account
the probability po that a recorded value would be below the threshold. If N' out of N
experiments yield data above the detection threshold, then:

N-N'

Po =— (10)

If G(x) denotes the conditional distribution obtained from N' data values above the
detection threshold, the unconditional distribution is then given with:

F(x) =po + (1 =po)G(x) (11)

In accordance with the above, empirical distribution of the greatest meteo-drought in the
growing season is estimated like:

Femp=p0+(1_p0)'Fe’mp (12)

where F,,,,,, is the empirical distribution of the observed droughts with duration of at least
25 days, described using the Weibull plotting position formula:

Fomp(z) = ﬁ j=12,..,N' (13)
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where N' is the number of uncensored data, i.e. the number of droughts with duration of
at least 25 days, and j is the ordinal number of data in the ordered sample of N' data.
With defined empirical and theoretical distributions of the greatest meteo-drought,
goodness-of-fit is tested using the same statistical tests used for fitting the distribution of
the magnitude of exceedances.

3.3. Distributions of the drought duration G(t) and mean temperature &(y)

Drought duration, T, and mean air temperature, y, of a meteo-drought are also random
variables. Their distributions are needed to construct design meteo-droughts for selected
probability of occurrence. Analysis of maximum duration T or temperature y is performed
here also by means of the peaks over threshold method, analogously to identifying the
distribution of the maximum meteo-droughts Z in the growing season.

3.4. Deriving design meteo-droughts

Design meteo-droughts are meteo-droughts of a given probability of occurrence or return

period n. In this paper, return periods of n = 10, 20, 50 and 100 are considered. Design

meteo-droughts are constructed by finding pairs (Zn, Tn) and (Zn, y») through the following

steps [2]:

1.  Quantiles of n-year meteo-drought (Z,), duration (T,) and mean temperature during
the drought (yn) are estimated.

2. The following corresponding values are then calculated: y, = i—" and T, = i—" These
n n

values determine two rectangles (Figure 2), each having the area representing the n-
year drought Z,.

3. By averaging the sides of two rectangles, new rectangle ABCD is obtained
representing the design n-year meteo-drought, with sides equal to:

1 Z
T = s [TnYa — Tpyn + \/(Tb)/n = TYa)?* + 4YaTyZn], yr = T_T: (14)
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Figure 2: Construction of the design meteo-drought illustrated for the example of
the 10-year drought as proposed by Zelenhasic¢ [2]
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4. RESULTS

Mean daily temperature and daily precipitation data from meteorological stations Sremska
Mitrovica (from 1949-2010) and Kikinda (from 1961-2005), were available. Total number
of meteo-droughts for Sremska Mitrovica station was 67, while there was 62 meteo-
droughts at Kikinda station.

For the homogeneity testing, original samples from two meteorological stations were split
in two subsamples of similar size. Both tests have shown that the null hypothesis of
homogeneity of the samples cannot be rejected at 5% significance level (Table 1).

Table 1: Homogeneity test results

Test Test statistic SremSl.(a Kikinda
Mitrovica
U -0.58 -1.94
. Uo.025 1.96 1.96
Mann-Wh
ann-Whitney Uo.7s -1.96 -1.96
hypothesis accepted Ho Ho
Kol Drmax 0.132 0.339
olmogorov Die 0.333 0.400
Smirnov .
hypotesis accepted Ho Ho

The runs test has also confirmed the assumption of randomness of data. The result of this
test, at 5% significance level, is shown in Table 2.

Table 2: Runs test results

Sremska
Test statistic Mitrovica Kikinda
k 0.39 -0.13
Ko.0s 1.96 1.96
R
uns test Koss -1.96 -1.96
hypothesis accepted Ho Ho

The number of meteo-droughts greater than chosen threshold during the growing season
represents a discrete variable.

Dispersion index for all samples in this study was smaller than 1, so that the Poisson or
binomial distribution were adopted as the distribution of the number of exceedances. The
binomial distribution showed better fit with the empirical distributions of the observed
samples. The results of the goodness-of-fit tests are shown in Table 3.

The best fit between the empirical and theoretical distributions was obtained for meteo-
droughts exceeding threshold of Z, = 450 day°C.

Goodness-of-fit testing is carried out by the Cramer-von Mieses and Kolmogorov-
Smirnov tests at 5% significance level. The results are shown in Table 4.
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Table 3: Chi-square goodness-of-fit test for the number of exceedances (o = 5%)

Sremska
Distribution Test statistic Mitrovica Kikinda
e 9.136 16.588
Poisson Yur 5.99 5.99
hypothesis accepted Ha Ha
e 1.950 1.619
Binomial Yur 5.99 5.99
hypothesis accepted Ho Ho
Table 4: Goodness of fit results
Test Sremska
Test Distribution statistic Mitrovica | Kikinda
Ny 0.462 0.462
. Nw? 0.043 0.039
Cramer-von exponential
Meises accepted Ho Ho
Weibull No? 0.047 0.081
accepted Ho Ho
D 0.170 0.192
. Dmax 0.124 0.063
Kolmogorov exponential
Smirnov acgepted 0 329 0 gg?
H max . .
Weibull accepted Ho Ho

The distribution of the maximum meteo-drought is obtained by combining the
distributions of number of exceedance and level of exceedance over the threshold. In this
paper combinations of the binomial with Weibull and binomial with exponential
distribution are used.

The derived distribution of the maximum of meteo-drought is compared to the observed
annual maxima, while there were also years with no meteo-droughts lasting at least 25
days. Therefore, the model of conditional probability was used to establish the empirical
distribution of the annual maximum meteo-droughts. Distribution of maximum meteo-
droughts for Sremska Mitrovica and Kikinda are shown in Figure 3.

A necessary condition for the construction of design meteo-drought is finding the
distribution of dry period duration (T) and the distribution of the mean air temperature (y).
The POT method is applied in the same manner as for the meteo-droughts.

Adopted threshold for the duration is Ty = 24 days and for the mean air temperature yy, =
9.5°C. Combination of binomial and Weibull distribution is adopted for Sremska
Mitrovica, while for the meteorological station in Kikinda representative distribution is
combination of binomial and exponential distribution (Figures 4 and 5).
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Figure 3: Return periods of maximal meteo-droughts
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Figure 4. Return periods of maximal meteo-drought duration
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Figure 5. Return periods of mean air temperatures during meteo-drought

Based on the adopted theoretical distributions of meteo-droughts, dry period duration
times and mean air temperatures, design meteo-droughts for return periods of 10, 20, 50
and 100 years are determined (Table 5).

Table 5. Design meteo-droughts
Sremska Mitrovica Kikinda

F Rp Tcalc. Ycalc. anlc. Tcalc. Ycalc. anlc.
0.9 10.0 46.5 21.7 1006.8 47 20.0 932.9
0.95 20.0 51.1 21.9 1122.2 54 21.3 1148.6
0.98 50.0 56.7 22.1 1255.1 61 22.1 1358.9
0.99 100.0 60.6 22.2 1345.6 69 235 1633.5

5. DISCUSSION

This paper analyzes the phenomenon of meteo-drought occurrence in the growing season
for meteorological stations in Sremska Mitrovica and Kikinda in accordance with the
methodology proposed by Zelenhasi¢ and Fabian. For determination of the theoretical
distributions of meteo-drought, dry period duration and the mean air temperature, peak
over threshold method was applied. Combination of binomial and Weibull or exponential
distribution are most suitable for describing this phenomenon. Based on the adopted
theoretical distributions of meteo-droughts, dry period duration and mean air
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temperatures, design meteo-droughts for return periods of 10, 20, 50 and 100 years are
determined. Value of 450 day°C is adopted as threshold value for meteo-drought.

Design meteo-droughts and adopted distribution of meteo-droughts, represents the model
that in a relatively simple way describes the process of occurrence of meteo-droughts over
the locality of Sremska Mitrovica and Kikinda. In order to get complete picture of the
occurrence and distribution of meteo-drought over the region of VVojvodina, it is necessary
to analyze data from other meteorological stations in VVojvodina.
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STATISTICKA ANALIZA METEOROLOSKIH SUSA
ZA SREMSKU MITROVICU I KIKINDU

Rezime: U radu su prikazani rezultati stohasticke analize pojave meteoroloskih susa u
vegetacionom periodu na osnovu podataka sa dve meteoroloske stanice u Vojvodini,
Sremske Mitrovice i Kikinde. Meteoroloska susa je definisana kao proizvod duzine
trajanja suse (period duzi od 25 dana sa padavinama manjim od 5 mm/dan) i prosecne
temperature vazduha tokom trajanja suSe. Za formiranje stohastickog modela pojave
maksimalnih meteo-susa koris¢ena je teorija ekstrema sa slucajnim brojem slucajnih
promenljivih, koja omogucava da se u analizu ukljuce sve znacajne osmotrene meteo-suse.
Model obuhvata Poasonov slucajni proces koji opisuje pojavu susa i izabrane raspodele
verovatnoce za intenzitet meteo-suse. Na osnovu usvojenih teorijskih raspodela meteo-
susa, trajanja i temperature, odredeni su elementi racunskih meteo-susa za povratne

periode 10, 20, 50 i 100 godina.
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Kljucne reci: susa, vegetaciona sezona, beskisni period, prosecna temperatura vazduha
beskisnog perioda, racunske meteo-suse, stohasticki model

| 360PHVK PAOIOBA MEBYHAPOAHE KOH®EPEHLIMJE (2017) |



