5 INTERNATIONAL CONFERENCE

Contemporary achievements in civil engineering 21. April 2017. Subotica, SERBIA

ON LINEAR ANISOTROPIC ELASTICITY DAMAGE
TENSOR

Jovo Jarié!
Dragoslav Kuzmanovié¢? UDK: 514.743.4
DOI:10.14415/konferencijaGFS2017.027
Summary: In this paper, the anisotropic linear damage mechanics is presented starting
from the principle of strain equivalence. In (Jaric¢ et al. (2013)) damage tensor components
are derived in terms of elastic parameters of undamaged (virgin) material in closed form
solution. Here, making use of this paper, we derived elasticity tensor as a function of
damage tensor also in closed form. The procedure we present here was applied for several
crystal classes which are subjected to hexagonal, orthotropic, tetragonal, cubic and
isotropic damage. As an example isotropic system is considered in order to present some
possibility to evaluate its damage parameters.
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1 INTRODUCTION

In order to make this contribution self-sufficient we present the main ideas of the principles
of strain equivalence used by [3].

The effective stress & is the stress tensor to be applied to a virgin representative volume
element in order to obtain the same elastic strain tensor, &%, produced by applying the
actual stress tensor @, to the damage volume element. Because the same elastic strain is
considered in both damaged and undamaged materials, that strain is considered to be the
equivalent strain.

By definition, often called the principle of strain equivalence, the actual stress and
effective stress satisfy the equations:

oij = Cijuehs (1)
0 = iy, (2)
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where

E;ju; — is elastic modulus tensor of the virgin material,

C;jxs — is elasticity tensor of the damage material.

In the virgin state, even in the most general case of anisotropy, there are only 21 in-
dependent elements of the fourth-order elastic modulus tensor [E. The symmetry of E,
applied to C as well, and dictates a maximum of 21 independent elements.

Following [1] it can be shown that

Gij = Rijubu, &)

where the fourth-order tensor R possess symmetry in successive pairs of indices.
It can be shown that R can be written in the form

R=1-D, @)

where I is the unit tensor. The forth-order tensor D is known as damage tensor.
From Equations (1)-(4) [1] obtained

C=FE-DE. (5)

Obviously, the number of independent elements of tensor ID and their values are de-
termined by the value of tensors [E and C. We investigate that assuming that E is always
given, and considering Equation (5) as a linear equation with respect to C and ID. Then, in
order to determine, or equivalently to find the solution of (5), one of them has to be known.

First. Assume that we want to find C for given D. Then I cannot be given arbitrary
in order to find C since we assume that C posses major symmetry. In that case I must
satisfies conditions

DE=EDT. (6)

Second. We consider that E, C are given and we want to find tensor [I. Since E is
positive definite there is always E~! such that EE~! = I. Thus

D=I-CE". (7

Proposition 1 Damage tensor D, given by Equation (7), always satisfies the constrain
Equation (6).

Proposition 2 The corresponding isotropy groups of tensors C and D are the same ( [6]).

2 ELASTICITY TENSOR OF DAMAGE

Here, we present the results of our procedure for two crystal classes.
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2.1 HEXAGONAL ELASTICITY DAMAGE TENSOR

In this case

Dijis = d1 60kt + d2 (881 + 8 bji) + dansinz jnzna+
+dy (n3in3 ;8 + nanz ;) +
+ds (n3inzebj + n3jnz Sy + nan 8 + najnaey) +
+ dgnzina Oy

8

Cijrr = [A(1 —3d1 — 2d2 — da) — 214] 8; 8+
+ (1 —2d2) (6 b1 + O Ojx)—
— [A(d3 + 3ds +4ds 4 3ds) + 2t ds) n3inz ;O —
— 2uds nang jnynsy — 2Uda(nang Oy +naynz o) —
— 2uds(nyna 6+ nyjny 8y + nyina &5y +nanady),

so that

}Ll = A(l — 3d1 —2d2 —d4) —Zudl
ho = p(1—2ds)

Az = —2uds

Ag=—2Uudy

As = —2uds,

and
A(ds+3ds+4ds+3dg) +2uds = 0.

2.2 ISOTROPIC DAMAGE

This is the simplest case. Then
Cijir = A1 6 Sk + Ao (8 81 + 8 Sjx) 9

where
M=2A(1-3d1—2d2)—2ud,

10
Ao = (1 —2dy). 4o

3 SOME POSSIBILITIES WAY TO EVALUATE DAMAGE
PARAMETERS OF ISOTROPIC DAMAGE

There remains also the quantitative evaluation of damage parameters from actual tests.
This is an endeavor that can be done by the present work by means of the physically
meaningful damage parameters that are given in terms of the basic elements of D.
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We shell demonstrate it for isotropic systems. Itis known (see [11], p. 550, eq.(8.4.10)),
for other crystal systems see [12] that the velocities of wave propagation for isotropic elas-
tic material (undamage material) have the following expressions

1/2
2
v, = (}LJ; H) , - longitudinal velocity
1\ 12
vy = (E) , - transversal velocity.

We now apply it to isotropic damage materials. In this case the corresponding quanti-
ties are

A A=A (1-3dy—2dy) —2pudy = pg (2, — 2%,
= Ao =p(1-2ds) = par?,.

Also, we denoted by subindex d corresponding density and velocities of isotropic damage
materials, i.e.

P =Py VoV, Vp V.

Then

A=py (ng—2v3T) , M2=py ng,

__ P 2 AU, _ 1 Py 2
d1—32’+2‘u (vdL— m vir | dz_i I—EvdT .
In principle, the same approach can be applied to the other crystal classes.

It is also possible to estimate values of damage parameters d; and d, making use of the
expression for Poasson’s ratio v in classical linear elasticity, i.e.
A

(TR

and hence

(see [11] p.294, (6.2.41)). Then
—l<y<1/2.

As the above, identifying the corresponding quantities for linear isotropic damage ma-
terials, we have

A

V—=v M — <1
2(M+A2)

=, d —l1l<v, =
= 3t ) an v,

/2.

Further,
;Ll +12 =A—- (31, +2ﬂ)d1 —2/1&’2.
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1/3 d,
Figure 1:

The above inequality is satisfied when
2 <2l +A) = >0,
1
AZZM(1—2d2)>0 = d2<§

and

—2(11 +12) <M = 342> 0,
341+ 243 =3A(1 = 3d; —2dp) +2u(1 —-3d; — 2) > 0,
3dy +2dy < 1.

The graph of these two inequalities

1
d2<5 3di+2dr < 1

is given in Fig. 1.
In Fig. 1 the region of possible values of parameters d and ds is given, i.e.

0<d; <1/3, 0<dr<1/2.

4 CONCLUDING REMARKS

In the present paper the anisotropic elasticity damage mechanics is investigated within the
framework of the classical theory of elasticity.

Starting from the principle of strain equivalence, elasticity tensor components are de-
rived in terms of damage parameters in close forme.

The procedure we present here was applied for several crystal classes which are sub-
jected to hexagonal, orthotropic, tetragonal, cubic and isotropic damage. We underline that
this procedure can be applied for all crystal systems.

Finally, we propose some possibilities way to determined damage parameters of isotropic
damage, and evaluate them.
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O LINEARNOM ANIZOTROPNOM ELASTICNOM
TENZORU OSTECENJA

Rezime: U ovom radu linearna mehanika anizotropnog osteéenja je prezentirana koristeci
princip ekvivalentnosti deformacije. U radu (Jari¢ i dr., 2013) komponente tenzora
oStecenja su izvedene u clanovima parametara neoStecenog materijala u zatvorenom
obliku. Postupak, koji je prezentiran u ovom radu, moze da se primeni za razlicite kristalne
klase koje su podvrgnute heksagonalnom, ortotropnom, tetragonalnom, kubnom i
izotropnom oStecenju. Kao poseban primer razmatran je izotropan sistem u cilju moguceg
odredivanja parametara osStecenja.

Kljuéne reci: Tenzor ostecenja, Grupe simetrija, Anizotropne kristalne klase, Izotropni
sistem, Parametri oStecenja, Elasticni talasi.
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