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Summary: For designing unrestrained steel beams in accordance with EN 1993-1-1 it is
necessary to know the value of elastic critical lateral torsional buckling moment . The
aim of this paper is to present different methods for calculating elastic critical lateral
torsional buckling moment and analysed them. Methods proposed by Trahair, Clark and
Hill and Balaz and Kolekova are discussed and examined through numerical example.
The obtained results have shown no significant differences between analysed methods in
the case of simple beam under uniform distributed load and concentrated point load at
mid span. Further more detailed investigation is needed for more complex cases.
Keywords: Elastic critical LTB moment, calculation methods, numerical example

1. INTRODUCTION
When designing long steel beams which are not continuously lateral restrained the
possibility of lateral torsional buckling (LTB) should be checked.
In Eurocode 3 (EN 1993-1-1) [6] section 6.3.2.1 rules are given on how this verification
should be carried out. In clause 6.3.2.1(1) it is stated that the verification against lateral
torsional buckling should be performed using equation 6.54 as follows:

M Ed
≤ 1,0
M b,Rd

(1)

where MEd is the design bending moment
Mb,Rd is the design buckling resistance moment.
Design buckling resistance moment Mb,Rd of laterally unrestrained beam should be
calculated using equation 6.55 from [6].
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M b,Rd = χ LTWy

fy

γ M1

(2)

χLT is a reduction factor which allows the effect of lateral torsional buckling. Reduction
factor χLT is given by equation 6.56 in [6].

χ LT =

1

ΦLT + ΦLT2 − λLT2

(3)

The value of χLT depends on the factor ΦLT that is a function of the imperfection factor
αLT and the non-dimensional lateral torsional slenderness λLT. The values for
imperfection factor αLT are given in Table 6.3 in [6] or in the relevant National annex.
Non-dimensional lateral torsional slenderness λLT is given by the following equation:
Wy f y

λ LT =

M cr

(4)

where Mcr is the elastic critical lateral torsional buckling moment.
Therefore for the calculation of the non-dimensional lateral torsional slenderness λLT and
thereby for the design buckling resistance moment Mb,Rd the value for Mcr must be
known.
However Eurocode 3 does not give equation for calculating Mcr it is only stated that the
Mcr should be calculated on the basis of gross cross sectional properties and that the
actual loading conditions and the lateral restraints should be taken into account. Thus it
is up to the designer to decide how to calculate Mcr.
The aim of this paper is to present an overview of the existing methods for calculating
elastic critical lateral torsional buckling moment and analysed them.

2. SIMPLE BEAM UNDER UNIFORM BENDING
The equation for elastic critical lateral torsional buckling moment for simple beam under
uniform bending was first derived by Timoshenko [1].
l

Figure 1. Simple beam under uniform bending
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He analysed equilibrium equations of sligtly lateraly torsional buckled beam and
calculated which value of bending moment will cause such form of deformation. He
derived the folowing equation for elastic critical lateral torsional buckling moment.

=
M cr

π2
I w l 2GI t
EI
+
z
l2
I z π 2 EI z

(5)

where Iz is the second moment of area about z-z axis
Iw is the warping constant
It is the St. Venant torsional constant.
This equation applies only to simple beams under uniform bending.

3. BEAMS UNDER VARIOUS LOADING CONDITIONS
The case of simple beam under uniform bending is not very common in practice but
deriving exact equations for Mcr for different loading conditions is coupled with
mathematical difficulties.
Therefor Trahair [2] proposed approximate solutions for different loading conditions in
form of the following equation:
Mcr = αMMcrsimple beam

(6)

Various loading conditions are taken into account by the factor αM. The values for the
αM factor are presented in the Table 1.

Table 1. Values for factor αM
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The equation (6) does not take into account the point of load application (it is assumed
that the loading acts at the shear center) and it is only valid for doubly symmetric cross
sections.
The effect of the point of the load application can be taken into account by multiplying
equation (6) with the factor γ given by the following equation:
2

 0, 4α y 
0, 4α y
γ=
1+  E M q  + E M q
M /N  M /N
cr,z 
cr
cr,z
 cr

where

(7)

yq is the distance from the shear center of the cross section to the point of the
load application (negative if the load is acting above the shear center, positive
otherwise)

N cr,z =

π 2 EI z
l2

General equation for the elastic critical lateral torsional buckling moment of doubly
symmetric as well as mono-symmetric cross sections under arbitrary loading conditions
was first derived by Clark and Hill [4]. They also analysed fixed end restraints that was
not the case with the before mentioned methods. The equation is as follows:
0,5
2
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where

(8)

C1 is the coefficient that takes into account the shape of the bending moment
diagram
C2 is the coefficient that takes into account the point of the load application
C3 is coefficient that takes into account the type of the cross section
zj is the factor of the cross section asymmetry
zg is the distance between the shear center and point of load application
k, kw are the effective length factors (k refers to rotation restrictions and kw
refers to warping restrictions at end sections).

The values for C1, C2, and C3 are given in Table 2.
The equation proposed by Clark and Hill together with the values for coefficients C1, C2,
and C3 was included in the draft version of EN 1993-1-1 but not in the final one.
Possible reasons for excluding the equation (8) from the final version of EN 1993-1-1
could be the works of Balaz and Kolekova [5], [7]. They argued that the use of
coefficients C1, C2, and C3 given in the Table 2 may lead in many cases to wrong values
of the elastic critical lateral torsional buckling moment.
Their claims have been supported by Fruchtengarten [8] who in his master thesis
compared different equations for calculating the elastic critical lateral torsional buckling
moment with the results of the finite element program PEFSYS. The proposal of Balaz
and Kolekova given in equation (9) provided the closest results to PEFSYS.
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Table 2. Values for C1, C2, and C3

M cr = µcr
where

µ=
cr
k wt =

π EI zGI t

(9)

l

C1 
1 + k wt2 + (C2ξ g − C3ξ j ) 2 − (C2ξ g − C3ξ j ) 


kz
π
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ξg =

ξj =

π zg EI z
kzl GI t

π zj
kzl

EI z
GI t

Equations (8) and (9) are identical, the only difference is in the values of coefficients C1,
C2, and C3. While calculating C1 coefficient Balaz and Kolekova have taken also into
consideration torsional properties of the cross section. So there are two values of
coefficient C1, C1,0 and C1,1, that correspond to kwt = 0 and kwt = 1 respectively.
The values for coefficients C1,0, C1,1, C2, and C3 are given in Table 3. Coefficient C1
should be calculated using following equation.
C1 = C1,0 + (C1,1 − C1,0)kwt ≤ C1,1 but C1 = C1,0 for kwt = 0 and C1 = C1,1 for kwt ≥ 1
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Table 3. Values for C1, C2, and C3 from [5]
The proposal of Balaz and Kolekova was included in National annexes for EN 1993-1-1
of Slovakia, Czech Republic and Austria.
Apart from above mentioned methods for calculating elastic critical lateral torsional
buckling moment various computer programs could be used to this end. The most
practical and frequently used one is LTBeam developed by CTICM.
In order to make comparison among before mentioned methods a practical numerical
example will be examined.

4. NUMERICAL EXAMPLE
Simple beam of length l = 800 cm with IPE 300 cross section is analysed. Elastic critical
lateral torsional buckling moment is determined for two most common loading cases in
practice, uniform distributed load and concentrated point load at mid span. Also two
different load positions are considered, at shear center and at the top of the compression
flange.

Figure 2. Analysed cases
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The values for elastic critical lateral torsional buckling moment (in kNm) using before
mentioned methods are presented in Table 4.

Concentrated
point load at
mid span

Uniform
distributed
load

Load case

Point of
application

Trahair

Clark and
Hill

Balaz and
Kolekova

LTBeam

Shear center

70.908

71.034

70.879

70.942

Top of
compression
flange

57.49

57.411

57.286

57.388

Shear center

84.713

85.655

85.064

85.309

Top of
compression
flange

65.995

66.330

65.873

65.448

Table 4. Results of analysis

5. CONCLUSION
In this paper different methods for calculating elastic critical lateral torsional buckling
moment are presented. The examined numerical example has shown that there is no
significant difference in values of elastic critical lateral torsional buckling moment
obtained using methods proposed by Trahair, Clark and Hill and Balaz and Kolekova as
well as program LTBeam. The method proposed by Trahir is the least time consuming
and therefor it is the easiest to use in comparison to other two methods, but its field of
application is limited. Analysed cases are the most common ones in practice whereas for
more complex cases (mono-symmetric sections) it could be expected to obtain more
significant differences. Further investigation on this subject is of great practical
importance.
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PREGLED METODA ZA ODREĐIVANJE
ELASTIČNOG KRITIČNOG MOMENTA BTI
Резиме: Za proračun nepridržanih čeličnih greda shodno EN 1993-1-1 neophodno je
poznavati vrijednost elastičnog kritičnog momenta bočno-torzionog izvijanja. Cilj ovog
rada je da se prikažu različite metode za određivanje elastičnog kritičnog momenta
bočno-torzionog izvijanja. Metode predložene od strane Trahair-a, Clark-a i Hill-a i
Balaz-a i Kolekov-e su razmatrane i analizirane kroz numerički primjer. Korišćenjem
razmatranih metoda nijesu dobijene značajne razlike u rezultatima u slučajevima grede
opterećenje jednako podijeljenim opterećenjem i grede opterećene koncentrisanom silom
u sredini raspona.
Кључне речи: Elastični kritični moment bočno-torzionog izvijanja, metode proračuna,
numerički primjer
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